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1. Introduction
The	 self-potential	 (SP)	 method	 is	 a	 well-established	 geophysical	 technique	 that	 has	 been	
applied,	 since	 its	 inception	 in	 the	early	19th	century,	 to	mineral	exploration,	oil	well	 logging,	













Source	 image	methods	 are	 applied	 to	 reconstruct	 the	most	 probable	 location	 and	 shape	 of	
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discrete	SP	buried	sources,	by	estimating	the	position	of	their	centres	and	critical	points	of	their	




Within	 the	 framework	 of	 numerical	 approaches,	 the	 conventional	 and	 extended	 Euler	
deconvolution	has	been	used	to	determine	location,	depth	and	geometry	of	the	causative	source.	
































Finally,	we	 present	 a	 field	 data	 example	 related	 to	 the	 reconstruction	 of	 the	 SP	 anomalies	
resulting	from	the	groundwater	flow	through	a	piping	sinkhole	located	in	the	San	Vittorino	Plain,	
a	sinkhole	prone	area	of	the	central	Italy	crossed	by	the	Velino	River.	The	SP	signals	determined	
at	 the	ground	surface	using	 the	finite	element	model	are	compared	with	 the	SP	measurements	
performed	by	Cardarelli	et al.	(2014)	on	the	same	profile.
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2. From theory to forward modelling





Γi	=	–Li∇Φi	–	Lij∇Φj	 Coupled hydraulic flow		 (1)
Γj	=	–Lji∇Φi	–	Lj∇Φj	 Coupled electrical flow		 (2)
where	the	L	are	phenomenological	coupling	coefficients	that	link	the	forces	∇Φ to	fluxes	Γ.	The	
term	–	Lij	 ·	∇Φj	describes	electro-osmotic	fluid	flow	due	to	the	viscous	drag	of	the	pore	water	














In	 the	 formulation	 described	 above	 J is	 the	 electrical	 current	 density	 (A/m2),	 u	 is	 the	
seepage	velocity	 (m/s2)	 (Darcy	velocity),	 –∇ψ	 is	 the	 electrical	field	 in	 the	quasi-static	 limit	



























which	means	 that	 the	 current	 density	 is	 conservative	 in	 the	 quasi-static	 limit	 of	 the	Maxwell	
equations.	Combining	Eqs.	5	and	8	gives	a	Poisson	equation	with	a	source	term	that	depends	only	
on	the	seepage	velocity	in	the	ground:
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Fig.	1	-	Scheme	of	numerical	solution	of	the	forward	problem.
generator	 able	 to	 retain	 an	 accurate	 forward	 solution	without	 drastically	 increase	 the	 number	
of	elements,	a	huge	problem	using	standard	machines	with	limited	local	memories	(for	further	
details	 sourceforge.net/projects/netgen-mesher).	Next,	 the	designed	algorithm	 requires	 a	priori	
information	in	terms	of	hydraulic	and	electrical	conductivities.	Then,	the	solver	is	executed	for	
the	hydraulic	and	the	electrical	problem.	Furthermore,	it	permits	to	arbitrarily	include	equations	
that	may	describe	a	material	property,	boundary,	 source	or	 sink	 term,	or	 even	a	unique	 set	of	
partial	differential	equations	(PDEs).
In	 chapter	 3,	 the	 effectiveness	 of	 the	 algorithm	 is	 demonstrate	 by	 reanalyzing	 previously	
published	works.	We	compared	our	method	with	two	widely	used	algorithms.	The	first	is	a	2D	
plus	 time	 numerical	 code	 called	Groundwater	 Flow	Geo-Electrical	Mapping	 (GWFGEM)	 for	
hydrogeological	purposes	based	on	the	finite-difference	method.	The	second	one	is	the	commercial	
software	COMSOL	Multiphysics.
The	main	 advantage	of	 the	proposed	 approach	compared	 to	 the	first	 code	 is	 that	 it	 can	be	
easily	adapted	to	a	variety	of	use	cases,	not	just	pumping	test	experiments.	Furthermore,	unlike	
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3. Finite element formulation 
The	previous	set	of	equations	(Eqs.	1	to	10)	is	solved	creating	a	weak	formulation,	the	basis	
for	the	finite	element	discretization.




























4. Synthetic data examples
The	finite	element	code,	implemented	in	Matlab,	was	tested	on	two	synthetic	models.	First,	
we	simulated	the	case	of	a	pumping	test	in	an	unconfined	aquifer.	The	model	of	the	test	site	and	
details	 of	 the	 experiment	were	 described	 by	Titov	 et al.	 (2005).	The	 electrical	 and	 hydraulic	
parameters	were	 estimated	by	 the	 authors	 and	 illustrated	 in	Fig.	 2	 and	Table	 1:	 the	values	 of	
electrical	conductivity	σ	were	taken	from	an	electrical	resistivity	tomographic	cross-section	while	










For	 the	 hydraulic	 modelling,	 MAxSym,	 a	 Matlab	 tool,	 which	 is	 designed	 specifically	 to	
simulate	axisymmetric	flow	(Louwyck	et al.,	2012),	was	utilized.
In	this	way,	we	modelled	the	pumping	phase,	keeping	fixed	the	known	values	of	hydraulic	




Fig.	 2	 -	 Sketch	 of	 the	 pumping	 test.	
Petrophysical	 parameters	 (T	 and	 S	
are	 the	 aquifer	 transmissivity	 and	
storativity,	 respectively,	 σ	 is	 the	 electrical	
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surface	and	the	condition	of	zero	electrical	potential	on	the	other	boundaries	of	the	aquifer.	The	
right	 boundary	 of	 the	model	was	 located	 far	 away	 from	 the	 pumping	well	 in	 order	 to	 ensure	
that	 the	 boundary	 conditions	 have	 no	 influence	 on	 the	 computation	 of	 the	 SP.	The	 potentials	





A	 second	 synthetic	 case	 is	 shown	 in	Fig.	 5.	We	performed	 the	 numerical	 simulation	 for	 a	
synthetic	embankment	dam	reported	by	Ikard	et al.	(2012).	A	leakage	was	reproduced	by	adding	
a	permeable	pipe	located	inside	the	dam	core	that	simulates	the	existence	of	a	preferential	ground	

















 Parameters  T (m²/d)   S   σ (S/m)  Radius (m)
  T1 T2 S1 S2 σ1 σ2 R 
 Model 50 12 4.8 · 10-4 4.8 · 10-4 10-2 10-1 40 
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 Parameters k (m2) σ (S/m) Qv (C/m3)
 Water 0 7 × 10–2 0
 Bedrock 0 5 × 10–4 0
 Dam 0 5 × 10–4 0
 Leak 2 × 10–8 7 × 10–3 1.2 × 10–3





anomaly	denotes	 the	outlet	of	 the	flow	path	and	 is	 associated	 to	 the	divergence	of	 the	 source	
current.
5. Field application




(Jardani	et al.,	2006b,	2007b;	Bumpus	and	Kruse,	2014).	In	particular,	Cardarelli et al.	(2014)	
employed	SP	method	 in	 combination	with	 electrical	 and	 seismic	 tomography	 for	 detection	of	
424
Boll. Geof. Teor. Appl., 58, 415-430 Oliveti and Cardarelli
Fig.	5	-	Leakage	in	a	dam:	a)	2D	geometry	
used	 for	 the	 simulation	 showing	 a	
preferential	 flow	 pathway	 crossing	 the	
dam	 and	Darcy	 velocity	map	 obtained	 by	
solving	 the	 groundwater	flow	problem;	 b)	








of	 the	 geological	 units	 is	 substantially	 calcareous	 even	 if	 some	of	 them	 also	 show	 a	 variable	
alternation	of	marly-calcareous-cherty	layers.	The	plain,	in	particular,	is	characterized	by	a	karst	
affected	carbonate	bedrock,	arranged	in	a	set	of	splays	with	clayey-marly	or	siliciclastic	footwall,	














path	 through	 the	 core	 of	 the	 embankment	
dam:	 a)	 simulation	 of	 the	 self-potential	
signals	 using	 the	 finite	 element	 numerical	
algorithm	 with	 reference	 at	 infinity;	 b)	
numerical	modelling	of	 the	 synthetic	 case	
reported	by	Ikard	et al.	(2012).




The	geometry	used	 for	 the	computations	 is	 shown	 in	Fig.	9.	The	 interfaces	between	 the	units	













source	 acts	 in	 our	model	 as	 a	 ‘‘surrogate’’	 force	 replacing	 the	 unknown	 pressure	 distribution	
driving	the	descent	of	water	from	the	surface	to	depth	(Byrdina	et al.,	2009;	Bumpus	and	Kruse,	
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Appendix 
In	 this	appendix,	we	show	the	assembly	process	which	 is	at	 the	heart	of	 the	finite	element	
method.	Local,	global	Stiffness	and	Mass	matrices	and	right	hand	side	are	all	computed	by	the	
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